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Abstract. We discuss a possible interpretation of the /o(980) meson as a hadronic molecule - a bound state 
of K and K mesons. Using a phenomenological Lagrangian approach we calculate the strong /o(980) — > nn 
and electromagnetic /o(980) — + 77 decays. The compositeness condition provides a self-consistent method 
to determine the coupling constant between fo and its constituents, K and K. Form factors governing the 
decays of the /o(980) are calculated by evaluating the kaon loop integrals. The predicted /o(980) — > nn 
and /o(980) —> 77 decay widths are in good agreement with available data and results of other theoretical 
approaches. 
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1 Introduction 

The understanding of the structure of scalar mesons with 
masses around 1 GeV is one of the prominent topics in 
modern hadronic physics. The study of scalar mesons can 
for example shed light on the problem of the QCD vac- 
uum, e.g. to understand the role of gluon configurations 
and strangeness in the formation of their spectrum. Differ- 
ent interpretations of scalar mesons have been suggested 
and developed during the last decades [Tj. The canon- 
ical picture is based on the constituent qq structure of 
scalar mesons. In this vein, by analogy with pseudoscalar 
and vector mesons, one can organize the low-lying scalar 
mesons, a triplet of a (980), two doublets of Kq(1A30) 
and two singlets / (980) and /o(1370), in the form of the 
J p = + nonet (see e.g. discussion in ref. [5]). 

In this paper we focus on the /o(980) meson. Anal- 
yses of the /o(980) meson as a quarkonium state were 
performed in several papers (see, e.g. refs. [3]-[9j). Differ- 
ent scenarios for the admixture of nonstrange and strange 
qq components have been developed, which range from 
a pure or dominant ss state [3]- [5] to a dominant nn = 
(uu + dd) I \[2 configuration 6J with a small ss mixture of 
about 10%. Extensions of this scheme by mixing of quarko- 
nia and glueball components have been analyzed in refs. [7J 
[8j. In [Jj it was found that the strong /o(980) — > irir de- 
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cay width is determined by the quarkonium part, while 
the glueball contribution is small. The dominance of the 
quarkonium part was also confirmed in ref. [8] in the anal- 
ysis of the radiative decays of / (980). In ref. [TH] the ex- 
istence of scalar multiquark-states was suggested. Scalar 
mesons (including the Jo (980) meson) have been assigned 
to the lightest cryptoexotic q 2 q 2 nonet. A further devel- 
opment of the four-quark model for the / (980) has been 
done in pT] and recently in [12] . Properties of the /o (980) 
resulting from the qq and q 2 q 2 schemes have been crit- 
ically analyzed. In [13] the structure of the light scalar 
nonet including / (980) was tested using radiative <fi de- 
cays. The authors of Ref. 13J point out the difficulty to 
distinguish between the qq and the qqqq picture for the 
light scalar mesons. A possible admixture between qq and 
qqqq configurations for the low-lying scalar mesons has 
been considered in ref. [14] using the chiral approach. In 
refs. [15] the idea of multi-quark states has been put for- 
ward to allow for the arrangement of the two quarks and 
two antiquarks as a bound state of a kaon and a antikaon. 
Different approaches describing the /o(980) as a hadronic 
molecule have already been discussed [H]-[23]. The treat- 
ment of the bound state KK interaction ranges from sim- 
ple Gaussian [IS] and meson-exchange [TBlfTT] potentials 
to chiral perturbation theory (ChPT) [19]. Besides this 
pure configurations, there exist pictures where mixing is 
included and the /o(980) incorporates both a qq and a 
KK or a glueball component [HI24], 
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Note, that the question on at least the dominant struc- 
ture of the /o(980) meson still remains open. Several com- 
prehensive theoretical studies give completely opposing 
conclusions. E.g., the unitarised meson model of [5] pre- 
dicts two complete scalar meson nonets, where the /o(980) 
is considered as the ss ground state, ref. [4] also describes 
the /o(980) as a qq state but with a large KK component 
due to the proximity to the KK threshold. That is the 
meson spends most of its time in the virtual KK state. 
The analyses of [25119] favor the qq interpretation of the 
/o(980). In particular, ref. [§] predicted two poles close to 
the KK threshold, which suggests that the /o(980) is a qq 
state with a large ss component. 

The resonance structure of the /o(980) was analyzed 
in [26] by using J ftp decay data. The fo was found to be 
a conventional Breit-Wigner structure. But the data are 
also compatible with one pole near threshold, which can 
be identified with a kaon bound state as mentioned in [17] . 
However, despite this controversial and detailed discussion 
concerning the fo structure, the KK bound state config- 
uration seems to be the dominant contribution [2"Tll22) . 

In the present paper, the /o(980) is considered as a 
pure KK molecule in a phenomenological Lagrangian ap- 
proach. The coupling between the /o(980) meson and its 
constituents [K and K mesons) is described by the strong 
interaction Lagrangian. The corresponding coupling con- 
stant is determined by the compositeness condition Z = 
[27113]. which implies that the renormalization constant 
of the hadron wave function is set equal to zero. This con- 
dition was first applied in order to study the deuteron as a 
bound state of proton and neutron [27j . Later this method 
was successfully applied to low-energy hadron phenomenol- 
ogy. It provides the basic equation for the covariant de- 
scription of mesons and baryons as composite objects of 
light and heavy constituent quarks, as well as for glue- 
balls which are bound states of gluons (see e.g. discus- 
sion in refs. [3 Wll2ll3ll3Tll52] ) . Recently the composite- 
ness condition was also used to study the light scalar 
mesons ao and fo as KK molecules [21][22l. Here, in a first 
step, we apply our formalism to the study of the strong 
/o(980) — > 7T7T and electromagnetic /o(980) — > 77 decays. 
In particular, previous determinations of the radiative de- 
cay width of the / (980), for example when applying the 
quasi-static approximation, suffer from large uncertainties 
due to a possible violation of local gauge invariance (for 
a discussion on this issue see for example [22 ). In the 
present approach such uncertainties are avoided since we 
use a fully covariant and gauge invariant formalism. 

In the future we plan to extend the application to 
the ao(980) and investigate a possible /o(980) — ao(980) 
mixture. Recently our Lagrangian approach, based on the 
compositeness condition, was successfully applied to the 
study of the D* (2317) and D s i(2460) mesons considered 
as (DK) and (D*K) molecules, respectively [33]. In the 
context of this formalism the strong, electromagnetic and 
weak decay properties of these states have been evaluated. 

In the present paper we proceed as follows. First, in 
sect. [H we discuss the basic notions of our approach. We 
derive the phenomenological mesonic Lagrangian includ- 



ing photons for the treatment of the decay properties of 
the /o(980) meson as a KK bound state. Then, in sect. [3] 
we discuss the electromagnetic decay /o(980) — + 77 with 
the associated diagrams and matrix elements. Special at- 
tention will be paid to the proof of electromagnetic gauge 
invariance. In sect.|4]we turn to the strong decay fo — > tttt. 
Numerical results are discussed in sect. [5] followed by a 
short summary of our results in sect. 

2 Approach 

In this section we derive and present the formalism for 
the study of the /o(980) meson as a hadronic molecule 
- a bound state of K and K mesons. This means that 
in our approach the /o(980) does not decay into a KK 
pair. Our framework is based on an interaction Lagrangian 
describing the coupling between the /o(980) meson and its 
constituents as 

£j kk{x) =9f KKfo(x) J dy${y 2 )K\x^)K(x + ),(l) 

where x± =x±y/2, K = (K+,K°) and if+ = (K~,K°) 
are the doublets of kaons and antikaons, gf KR is the 
foKK coupling constant. In particular, the assumed molec- 
ular structure of the /o(980) is in terms of particle content 
of the form 

|/o(980)) = -±=(\K+K-) + \K a K )). (2) 

The correlation function <P in eq. |T]) characterizes the fi- 
nite size of the /o(980) meson as a (KK) bound state and 
depends on the relative Jacobi coordinate y and the center 
of mass (CM) coordinate x. The local limit corresponds to 
the substitution of <P by the Dirac delta- function: <l>(y 2 ) — > 
<5 4 (y). The Fourier transform of the correlation function 
reads 

Hy 2 ) = /(0i e " <w ^(-P 2 )- ( 3 ) 

Any choice for <P is appropriate as long as it falls off suffi- 
ciently fast in the ultraviolet region of Euclidean space to 
render the Feynman diagrams ultraviolet finite. We em- 
ploy the Gaussian form 

$(p%) = cx P (-p 2 E /A 2 ) (4) 

for the vertex function, where pe is the Euclidean Jacobi 
momentum. Here A is a size constant, which parametrizes 
the distribution of kaons inside the fo molecule. 

The foKK coupling constant gf KK 1S determined by 
the compositeness condition [2T1I5] , which implies that the 
renormalization constant of the hadron wave function is 
set equal to zero: 

Z fo = l-S' fo (Ml)=0. (5) 

Here E' fo (M 2 fo ) = g 2 foKR n' h (M 2 fa ) is the derivative of the 
/o(980) meson mass operator described by the diagram in 
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fig. Q] (details of the calculation are given in Appendix A). 
As we already stressed in the Introduction, this condition 
has been widely applied. 

In order to calculate the strong /q(980) — > 7T7t and 
electromagnetic / (980) — > 77 decays we need to spec- 
ify the phenomenological Lagrangian which generates the 
contributing meson-loop diagrams. The lowest-order La- 
grangian C , formulated in terms of the scalar meson fo (980) , 
pseudoscalar (n, K, •••), vector (K* , •••) mesons and 
photon fields, is given by: 



= £foi x ) + C ^kk( x ) + C u{x) + Cw(x) , 



where 



M%)fo(x) 



(6) 



(7) 



is the free Lagrangian of the fo meson with □ = d^d^. 
^foKK ^ S ^ e g au S e_mvar i an t form of the foKK interac- 
tion Lagrangian, which i.e. includes photons via the path 

X 

integral I(x,y,P) = J dz fJi A fJ '(z) with 
y 



-GI 

-foKK 



.(8) 



e -iel(x +! x_) k+( x+ ) K~(x-) + K°(x+) K°(x-) 
The term Cu, written as 

Cu(x) = ^(D^U(x)D^(x) + X U\x) + X ] U{x) ) (9) 

is the Lagrangian of second-order chiral perturbation the- 
ory (ChPT) 34,55] in the three-flavor meson sector [35] 
and the Lagrangian 



£ w (x) 



(-5 

iG v 
V2 



v%Vvr" + -MyW li yW >iV 



W^u v ) (10) 



involves vector mesons in the tensorial representation [351 
38,39]. The symbols ( ) and [ ] occurring in above formulas 
denote the trace over flavor matrices and the commutator, 
respectively. 

Here we use the standard notations of ChPT. The 
fields of pseudoscalar mesons are collected in the chiral 
matrix U = u 2 = exp(i£\ <f>i\/F) with F = F n = 92 A 
MeV being the leptonic decay constant; is the covari- 
ant derivative acting on the chiral field: 



D fl U = d fi U + i[U,Q]A fJ 



(11) 

with Q being the charge matrix of quarks and A^ is the 
electromagnetic field; = iu^D^Uu^ is the chiral viel- 
bein and \ — 2BM. H — • ; B is the quark vacuum conden- 
sate parameter B = -(0|mu|0)/F 2 = -(0|Jd|0)/F 2 ; M = 
diag{m, rh, m s } is the mass matrix of current quarks with 
rh = (m u +md) /2. We work in the isospin limit and rely on 



the standard picture of chiral symmetry breaking (B 3> 
F) . In the leading order of the chiral expansion the masses 
of pions and kaons are given by M% — 2rhB, M% = 
(rh+m s )B . Wf, u = -W„n = Wi\) ^ / y/2 is the octet 
of vector fields written in the tensor representation in the 
terms of antisymmetric tensor fields [3"5"ll38ll3"9"] : is the 
covariant derivative acting on vector fields (in our case we 
restrict V M to the simple derivative d 1 *); Gy is the cou- 
pling related to the decay constant of a vector meson into 
two pseudoscalars. With the use of low-energy theorems 
it can be expressed through the leptonic decay constant 
F as [40]: Gy — Fj\[2. Finally we comment on the La- 
grangian C^ K p,. As is discussed in detail in refs. [30ll3Tj 



the presence of vertex form factors in the interaction La- 
grangian [like the strong interaction Lagrangian describing 
the coupling of / (980) to its constituents, see eq. (JTJ] re- 
quires special care in establishing gauge invariance. One 
of the possibilities is provided by a modification of the 
charged fields, which are multiplied by an exponential con- 
taining the electromagnetic field. This procedure was sug- 
gested in [41] and applied in ref. [42] and in refs. [30,31, 
[33] . In our case the fields of charged kaons are modified as 



(12) 



By using the substitution lfl~2]) we obtain the strong La- 
grangian £j^ K ^, which in addition obeys electromagnetic 

gauge invariance. Note, that for the derivative of the path 

v 

integral I(y, x,P) = J dz fJi A fJ -(z) we use the path-independent 

X 

prescription suggested in ref. [41j 



d 

lim dx»^—I(x,y,P) 
dx^o dx^ y ' 

= lim [I{x + dx,y,P')-I(x,y,P)\ 



(13) 



where the path P' is obtained from P by shifting the end- 
point x by dx. Definition (|13[) leads to the key rule 



d 
dxf* 



I(x,y,P) = A ll (x), 



(14) 



which in turn states that the derivative of the path inte- 
gral I(x,y,P) does not depend on the path P originally 
used in the definition. The non-minimal prescription ([T2"|) 
is therefore completely equivalent to the minimal substitu- 
tion (see e.g. discussion in ref. [42] ) . Expanding the gauge 
exponential in eq. ([8]) up to second order in the electro- 
magnetic field A^ we generate nonlocal vertices with a 
single [fig. [5(a)] and two [fig. [2(b)] photons attached. The 
derivation of the Feynman rules for such vertices is dis- 
cussed in detail in Appendix B. 

Now we turn to the discussion of the diagrams con- 
tributing to the strong /q(980) — * 7T7t and electromagnetic 
/o(980) — > 77 decays. The diagrams which describe the 
two pion decay /o(980) — ► hit are shown in fig. [3] The 
two-point diagram of fig. [3(a) is generated by the KKtttt 
contact interaction, whereas the three-point diagram of 
fig. [3(b) includes an exchange of the vector meson K* in 
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order to take into account rescattering effects. The dia- 
grams describing the electromagnetic /o(980) — > 77 decay 
are shown in fig. [4] In addition to the diagrams of fig. Ufa) 
and 4(b), which are generated by the coupling of charged 
kaons to photons, the restoration of electromagnetic gauge 
invariance requires the inclusion of the diagrams displayed 
in figs.|Uc)-[4je). These additional graphs are generated by 
the vertices shown in figs.^a) and [DJb). 

Meson loop diagrams are evaluated by using the free 
meson propagators of K and K* . The if- meson propaga- 
tor is given by 

iS K (x-y) = (0\TK(x)K\y)\0) 
d 4 k 



e -ik(x-y) § K (k), (15) 



case keeping the full form of <P(— k 2 ) in ((8]), i.e. include 
finite-size effects. As mentioned before, in the local ap- 
proximation the two-photon decay amplitude is generated 
by the two diagrams of figs.[4ja) and[4](b). In the nonlocal 
case we have to include the three additional diagrams of 
figs. [4](c)-|4f e) to restore the full electromagnetic gauge in- 
variance. For the evaluation of the diagrams we follow the 
procedure developed in refs. [30,31,33,32 . E.g. in ref. [31] 
we present a detailed analysis of the two-photon decay of 
the light (T-meson, which is similar to the present case. 
The contribution of each single diagram is not gauge in- 
variant by itself, but the total sum is invariant. Therefore, 
the calculation of the matrix elements can be simplified by 
separating each diagram into a gauge invariant part If" 
and a remainder, denoted by 81^, as 



where 



51^ 



(20) 



S K (k) 



M 



(16) 



K 



For the K* meson we use the tensorial representation of 
the chiral Lagrangian (|10[) with the propagator 



S&wapix-y) = (0\TK;„(x)K* a l(y)\0) 



M 



d 4 k 



a ik-(x-y) 



{2lT)H M 



A"' 



ie 



x [g^agup {M\, - k 2 ) + g^akvkp 

- g^pKka - (n^ v)] . (17) 

In the numerical calculations we restrict to the isospin 
limit and identify the meson masses of the iso-multiplets 
with the masses of the charged partners [1] 



139.57018 MeV , 
M K = M K ± = 493.677 MeV , 
M K * = M K *± = 891.66 MeV. 



(18) 



Following refs. [2"Tlf22] we write the / (980) -mass in the 
form 



M 



Jo 



2M K 



(19) 



where e represents the binding energy. Further on we will 
discuss the dependence of observables on e, considered as 
a free parameter. 



3 The electromagnetic decay 

In this section we consider the electromagnetic decay /o — > 
77, which proceeds via the charged kaon loop and where 
all appropriate diagrams are pictured in fig. |4j We de- 
rive the transition amplitude in a manifest gauge-invariant 
way and finally deduce the form factors. In the first part, 
we consider the local case, which corresponds to a vertex 
function with lim <P(—k 2 ) = 1 in the phenomenological 

A^oo 

Lagrangian |8]). After that we proceed with the nonlocal 



This separation can be achieved in the following manner. 
For the 7-matrices (which only appear in fermionic loops) 
and vectors with open Lorentz index fj,, coinciding with 
the index of the photon polarization vector , one can 
use the representation (see e.g. the discussion in refs. [30l 
EUE3]): 



7m = la + 



4 

<7 Z 



Pfi = Vy, + ■ (21) 



The sum of all remainder terms cancels (see Appendices 
C and D). Therefore, the resulting matrix clement is only 
given by the first part in the r.h.s. of (|20[) . from which we 
can extract the form factors. 

The /o(980) — > 77 transition matrix element ■M'f" can 
be written in terms of the Lorentz tensors and c^ v as 



M 



fo 



F foJ7 (p 2 ,q(,q 2 2 )b^ 



2 n 2 a 2 \r^ v 



(22) 



The tensor structures are given by 

^ = <r(9iffi0-«i«£, (23) 
<?" = 9^<llql + titifato) - qUUl ~ , (24) 

where q\ and qi refer to the four-momenta of the photons. 
Note, that the part of the matrix element containing the 
form factor G/ o77 (p 2 , q 2 , q 2 ) vanishes, when at least one 
of the photons is on-shell, since = 0. 
The two photon decay width 



H/o - 77) = -^Mlg 2 all 



(25) 



is expressed in terms of the coupling constant 

5/077= ^W^/o: 0,0), (26) 
which in turn is related to the form factor Ff Qll . 
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3.0.1 Local case 



3.0.2 Nonlocal case 



In the local approximation we only have to consider the 
diagrams of figs. BJa) an( l Sib). Using the decomposi- 
tion pop one can show that the resulting matrix element 
is given by the gauge-invariant part of the diagram of 
fig. QJa) only with 

I^( qi , q 2 ) = [ ^ (2k + qi f Ui (2k - q 2 )l q2 

J 7T % 

x S K (k + qi) S K (k - q 2 ) S K (k) , (27) 

which is ultraviolet (UV) finite. An important point is that 
noninvariant parts of figs.^a) and[3^b) cancel each other 
(see details in Appendix C). The evaluation of eq. (|27| 
yields (the explicit calculation is carried out in Appendix 
C): 



1 

F^(p 2 ,qlql)^ J d 3 aS(l 



^a*)^?, (28) 



i=0 



D 



where D = — p 2 a\a 2 — q 2 a\a^ — q 2 a 2 a^. Later on, we 
also analyze the electromagnetic /o(980) form factors for 
different values of the photon virtuality in the Euclidean 
region by expressing q\ and q 2 as q\ = — Q 2 (l + w)/2 
and q\ = —Q 2 (\ — uj) /2. A similar analysis of the elec- 
tromagnetic 7r and cr-meson form factors was performed 
previously in refs. [43] and [29ll3Tll32] . 

The expression for the coupling constant g/ o77 , result- 
ing from [29j . is given by 



Now we turn to the nonlocal interaction case and discuss 
the evaluation of the corresponding Feynman diagrams. 
In this case we have to incorporate all diagrams shown in 
fig.[U In Appendix B we outline the derivation of the Feyn- 
man rules for the nonlocal vertices with a single [fig. 2(a)] 
and two [fig. 2(b)] photon lines attached; these nonlocal 
vertices have to be included to guarantee full gauge invari- 
ance both on the level of the Lagrangian and the matrix 
elements. For further details we refer to our earlier pa- 
per [3T]. In analogy to the local case, the form factors 
F(p 2 ,q 2 ,q 2 ) an d G(p 2 ,qf,q 2 ) can be extracted from the 
gauge invariant parts of the respective diagrams 

I^( qi ,q 2 ) = I^( qi , q2 ) 

= F(p 2 , qf, q 2 2 ) W» + G(p 2 ,ql q 2 2 ) . (34) 

The individual contributions are given by: 

^$(-k 2 )(2k +q2 r Ui (2k- qi r ±Q2 

= F A (p 2 , qj, q\W + G A (p 2 , q l q 2 2 )c^ (35) 
Cb, (9l»92) 



d A k 



dt$'(- x (o, qi ))2e ±qi ki q2 



ff/o77 — 

where 
i?/ o77 



9fgKK 

8tt 2 

9f KK 

8tt 2 



1 

da\ J da 2 

i?/ o77 , 



<iaia 2 (l — a>i) 



M 2 K - Mj o a!a 2 (l - a x ) 



arcsin £ 



1, i 



AI 



fo 



2M K 



2M k 



(29) 



.(30) 



In the local limit (see Appendix A) the coupling constant 
9f KK is expressed in the form 



Rf 



g 2 8n 2 M 2 
a / KK Jo 



with 



R fo - 



arcsin £ 



ZV^T 2 



(31) 



(32) 



and 



*M*+f)M*-f) 



F huh (p 2 ,q 2 , q 2 )b^ + G huh (p 2 , q 2 , q 2 )c^ (36) 



d 4 k r I r^ v 

— S K (k) dt[-—2- s ($'(-x(0,p)) 



+<ln rin. lj ) ) ) + tjdl(k + ^-j » ± , u 
±qi 



x^$"(-x( qi , q2 ))+$"(-x(- qi , q2 )) 
+ (qi ^ Q2, M v) 



Finally, the expression for the fo — > 77 decay width reads 
as follows 



y 2 R' 



F(h -> 77) = 



/o77 



M 



87T R fo 

which agrees with the result of [2"l"1l2"2] . 



(33) 



f^Ap 2 , ql q\W + GtadxOA qi, <&)<*"' , (37) 



2 n 2 n 2 \A LV 



where 



x(qx,q 2 ) = k 2 + kt(lq x + q 2 ) + -(lq 2 + 2l qi q 2 + q \) , 



q = qi-qx 



(38) 
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Here, eqs. (|35[) . (f36|) and (f37jl correspond to the triangle 
diagrams of figs. 4(a) and 4(b), to the bubble diagrams of 
figs. 4(c) and 4(d), and to the tadpole diagram of fig. 4(e). 
The evaluation of these structure integrals is performed in 
Appendix D without referring to a specific functional form 
of the vertex function &(— k 2 ). Then the decay width for 
/o(980) — ► 77 is calculated in analogy to the local case. 
We discuss the numerical results in sect. [SJ 



4 The strong decay 

In this section we discuss the features of the /o(980) — > itit 
decay. The two-pion decay width is determined by the 
expression 



-r 



/ 7r+7r- 



3 9% 7 



4M 2 

70 



(39) 



32^ M fo y 

where the coupling constant gf mc is given by 

3/0^ = <7/ o7r+7 r- = 2 5/o ,o x o - G(M%,Ml Ml) (40) 

defined by the effective Lagrangian Cf o7r7r — ^ff/oTrTr/o 71-2 - 
Here, G(p 2 , q 2 , q\ ) is the structure integral of the fo — > 
7T7T transition, which is conventionally split into the two 
terms G (a) (p 2 , 9 2 , qt) and G (b) (p 2 , 9?, They refer to 
the contributions of the diagrams of figs. 3(a) and 3(b), 
respectively, with 

G(p 2 , q lq 2 2 ) =G^(p 2 , q Ul) + G^{p 2 , q l, q 2 2 ), (41) 



si(a){ 2 2 2\ 
G x '(P ,91,92) = 



9foKK 

3F 2 



d 4 k 
(2n)H 



M 2 K + \p 2 - k 2 



(M 2 



K 



k\){M 2 K -k 2 _ 



(42) 



G^( P 2 , q lql) 



9f KK f d 4 k 
2F 2 



«?)(*■* 



(2tt) 4 ' 

gi)(*- 



■ <P(-k 2 ) 



92 J 



(M 2 K - k 2 + )(M 2 K - k 2 _){M 2 K , (k + q x ) 2 ) 



(fc + -gi) 2 (fc + + gi)(fc_ -q 2 ) 
{M 2 K ~k\)(M 2 K -k 2 _){M 2 K ,-{k + - 



9i) 2 ) 



},(43) 



F/V2 ii 



where k± = k±p/2. Here we substitute Gy 
the expression for G^(p 2 ,q 2 , q 2 ). 

It is worth to note, that the sum of the diagrams 
of fig. 3 contributing to the coupling gf om r can be ap- 
proximated by a single diagram - the triangle diagram of 
fig. 3(b) with the exchanged K* meson propagator in vec- 
torial representation. In particular, we remind that the 
free Lagrangian of the K* meson in the vector represen- 
tation is written in the form: 



l 



K*lK* ^ + M 2 K ,K*^ K*^ , 



(44) 



where K*„ = d^K* — d^K*. Then for the sake of com- 
parison between the two different representation it is con- 
venient to write down the propagator in the vector repre- 
sentation as a T-product of K*: 



^K*;iiv,ap( x ~ V) 



\TK; v (x)K*J(y)\0) 



M 2 K , 



d A k 



ik-(x-y) 



(27r) 4 i M|» -k 2 -it 



x [g^aKkp - g^k v k a - (/i <-» v)\ . (45) 
As was stressed in ref. [39], the propagators af3 and 



differ by the contact term contained in the tcn- 



sorial propagator: 



+ -T7T- [9na9vP ~ 9^9vo\ ^ 0*0 ■ (46) 
M K „ 

Using identity (|46[) one can show that the contribution of 
the diagram fig. 3(b) in tensorial representation is given 
by the sum of the graph of fig. 3(b) in vectorial represen- 
tation plus a graph, which is diagrammatically described 
by fig. 3(a), but has opposite sign and a different numera- 
tor in comparison to the structure integral G^ (p 2 , g 2 , <jf ). 
Latter graph results from the contact term contained in 
the propagator (|46|) . leading to the collapse of the K* 
line in fig. 3(b) to a point. In other words, the sum of 
diagrams of fig. 3 in tensorial representation generates a 
leading term which corresponds to the diagram of fig. 3(b) 
in vectorial representation. In addition we obtain a term 
resulting effectively from the difference of two graphs of 
the type fig. 3(a), but with different numerators in the ex- 
pression. Numerically it is found that in the last term these 
two contributions almost compensate each other. There- 
fore, we effectively obtain a contribution of the graph of 
fig. 3(b) only, but now with the K* meson propagator 
written in vectorial representation. 

As an alternative we also present a technique how to 
include non-perturbative pion-pion interaction near the 
KK threshold by following the method of a chiral uni- 
tarity approach. By defining an effective coupling g^Rmr 
between the intermediate kaons and the irir pair we can 
write down the phenomenological Lagrangian 



-KKt. 



9kkt, 



T KKlT ■ 7T . 



Within this approach the fQirn coupling and consequently 
the width is defined in terms of this effective coupling 
constant 



9 fo 



9sqKk9kk 7V n 



(4tt) 2 



d 4 fc 



<P(-k 2 



Ml-{k 



M%-(k-i) 



A full analysis of this ansatz goes beyond the scope of 
the present paper. However, by using the two-pion decay 
width r(f -> 7T7r)=19.5 MeV derived in [37] within the 
framework of a chiral unitarity approach, we can estimate 
the effective coupling ])kk-k-k around 10 GeV. 
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5 Numerical analysis 
5.1 Coupling constant gf KR 

First we present our results for the 9f KK coupling con- 
stant, both in the local and nonlocal case. In figs. 5 and 6 
we demonstrate the sensitivity of the g f KK coupling on 
variations of the free parameters. In fig. 5 we give gf KK 
as a function of the binding energy e for the local case. 
In fig. 6 g f KK i s drawn as a function of two parameters, 
e and the size parameter A of the vertex function. For 
typical values of e = 2M K - 980 MeV ~ 7.4 MeV (corre- 
sponding to M fo = 980 MeV) and A = 1 GeV the results 
for the coupling constant are 



and 



g hKR = 2.90 GeV (local case) (47) 



9f a KK — 3-09 GeV (nonlocal case) . (48) 



5.2 The electromagnetic decay 

In figs. 7 and 8 we present our results for the coupling 
constant <7/ o77 for the local and the nonlocal case. In par- 
ticular, in fig. 7 we consider the local limit and draw g/ o77 
as a function of the binding energy e. The results for <7/ o77 
in the nonlocal case in dependence on the two parameters 
e and A is presented in fig. 8. For the typical values of 
e = 7.4 MeV and A = 1 GeV we obtain both for the cou- 
pling constant <?/ o77 and the decay width T(/o — * 77) the 
results 



9fo i 



0.086 GeV" 



r{fo -> 77) = 0.29 keV (local case) 



and 



r(fo 



<? /o77 = 0.079 GeV , 
-> 77) = 0.25 keV (nonlocal case) . 



(49) 



(50) 



These results are in very good agreement with the new 



average r(/ -> 77) = 0.29l£^ keV quoted by PDG 
2007 pQ and recent data presented by the Belle Collabo- 
ration [44]: r(f -► 77) = 0.205 



+0.095+0.147 
-0.083-0.117 



keV. Our re- 



sults also agree with previous results by the Crystal Ball 
Collaboration [45] (r 77 = 0.31 ± 0.14 ± 0.09 keV) and by 
MARK II at SLAC [46] (P 77 = 0.29 ± 0.07 ± 0.12 keV). 

In table[T]we compare our predictions (|49|) for the two- 
photon decay width of the fo meson with other theoretical 
approaches [4^[5T?l[5Tl[2^1l3l[TTl ll9l . Quark-antiquark mod- 
els predict similar results for r(f — > 77). For example, 
predictions in the quarkonium interpretation range from 
r(fo -> 77)=0.24 keV |3J to values of 0.33 keV gjj] with 
an intermediate result of 0.28±q;?| keV [50]. The result of 
the four-quark model |i IT] with r(fo — > 77)^0. 27 keV lies 
in the range set by our local and nonlocal predictions. 

Previous determinations in the context of hadronic 
molecule interpretations of -T(/o — > 77) = 0.20 keV [5T] 



and 0.22 ± 0.07 [22] lie at the lower side of our results. 
The difference in results can to some extent be explained 
by using different values for the meson masses (e.g. as in 
ref. [22]). 

At this level, present data on -T(/o ~> 77) cannot 
serve to uniquely deduce the dominant configuration of 
the /o(980). Furthermore, a recent amplitude analysis [47] 
involving high statistics data by BELLE [44J allows for val- 
ues for r(fo — ► 77) from 0.10 to 0.54 keV. Therefore, a 
more precise determination of the width, narrowing down 
the region of the possible values, would affect the deter- 
mination of the dominant configuration. 

For the fo — > 77 decay properties finite size effects 
only play a role at the level of about 10% (for the decay 
width) when both photons arc on-shell (in this point we 
completely agree with the conclusions of ref. [22]). The 
finite size effects become essential for a nontrivial virtual- 
ly of one of the photons. The same qualitative conclusion 
about the importance of finite size effects was known be- 
fore from the analysis of the electromagnetic transition 
form factors of the rr- and the light c-meson (see refs. [43] 
and }291I31| ). In particular, it was shown (see e.g. discus- 
sion in refs. [HUGH]) that a local coupling between the ir- 
or the light a-meson and their constituent quarks leads 
to the wrong asymptotics, that is ln 2 (Q 2 /m 2 )/(2Q 2 ), of 
the transition form factor, when one of the photons is 
on-shell while the other one has an Euclidean off-shell 
momentum squared. Such an asymptotics is in contradic- 
tion to the QCD-prediction for the 7r°77* form factor of 
1/Q 2 [52]. A similar situation holds for the electromag- 
netic fo form factor. In fig. 9 we indicate the form fac- 
tor Ff 0ll *(Q 2 ) = Ff o7J (Mf o ,—Q 2 , 0) for the transition 
fo — ► 77* with a real and a virtual photon of Euclidean 
momentum squared —Q 2 . To demonstrate the sensitivity 
of this form factor on finite-size effects we plot the re- 
sult both for the local case and for the nonlocal vertex 
function with different values for A = 0.7, 1 and 1.3 GeV. 
The additional bubble and tadpole diagrams of figs. 4(c)- 
(e), which result from the nonlocal interaction, only give 
a minor contribution to the dominant one of the trian- 
gle diagram. The curve corresponding to the local case 
lies considerably higher than those for the nonlocal case 
(including its asymptotic behavior at large values of Q 2 ), 
even for moderate values of Q 2 . Moreover, the electromag- 
netic form factor shows a sensitivity of about 20% in the 
Q 2 range considered with respect to variations of A or to 
the finite size of fo- Clearly, an experimental determina- 
tion of -F/ o77 *(Q 2 ) would help in possibly identifying the 
underlying structure of the /o(980). -F/ o77 *(<3 2 ) can be 
approximated by a monopole function. Actually, this was 
also to be expected from the analysis of analogous form 
factors for the tt° and the light a meson (see [43] and [29j 
151] ) with: 



F 



/o77 



(Q 2 ) 



F 



/o77 



(0) 



1 



Q 2 /A 2 



(51) 



/o77* 



where -F/ o77 *(0) = ff/ o77 - The scale parameter Af all * can 
be related to the slope of the -F/ o77 *(Q 2 ) form factor de- 
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where 



(r 2 ) 



pi 

fall' 



(0) 



F 



foil 



(0) = 



dF 



foil 



(Q 2 ) 



dQ 2 



(52) 



(53) 



A, since without the correlation function <P(—k 2 ) the di- 
agrams of fig. 3 are UV divergent. In fig. 11 we present 
our results for the coupling g/ o7r7r as a function of e and A. 
Again the results for the coupling constant gf -K-n and the 
decay width -T(/ — > irir) are given for the usual values of 
e = 7.4 MeV and A = 1 GeV as 



9fa"K-K 



= 1.53 GcV 



Q 2 =0 



From eqs. (|5Tj) and ([52"]) we deduce the relation between 



and 



and A 



foil' 



with 



r(f -> tttt) = 69 MeV , 



(56) 



(57) 



A 2 



(54) 



Therefore, the slope (r 2 ) has a quite clear physical mean- 
ing - it is related to the charge distribution of the con- 
stituents K + and K~ inside the f molecule. Our predic- 
tion for (r 2 ) at values of e — 7.4 MeV and A = 1 GeV 
is 



= 0.15 fm 2 . 



(55) 



It constraints the scale parameter to a value of Af 011 * = 
1.26 GeV. Good agreement in the full Q 2 range with the 
exact result of the nonlocal case with parameters e = 7.4 
MeV and A = 1 GeV is obtained with a monopole function 
of scale parameter vl/ o77 » ~ 1.4 GeV (for comparison it is 
also plotted in fig. 9), which is a bit larger than the value 
of 1.26 GeV deduced near Q 2 =0. 

To improve the -F/ o77 * form factor we can also include 6 Summary 



consistent with current observation. 

In table [2] we compare our results to data and results 
of other theoretical approaches. Predictions of qq mod- 
els for r(fo — > tttt) span a large range of values from 
20 MeV 3: to 56 - 58 MeV [21], which sensitively de- 
pend on the nonstrange flavor content. For the dynami- 
cally generated /o(980) of ref. [37] a somewhat low value 
of r(/ -> 7T7r)=18.2 MeV is obtained. 

It is interesting to note that the analysis of the KLOE 
collaboration on <f> — > fo (980)7 ~~ ¥ 7r + 7r~7 [53] results in 
the ratio of couplings with R = g 2 _/<?, =2.2 — 2. 



fox-* 



in agreement with our prediction of 



R = 



.9 



f K+K~ 



2.28. 



9 



(58) 



finite size effects in the KK^f couplings, i.e. by replacing 
the local KK^f vertices by the electromagnetic kaon form 
factors 



F. 



(Q 2 ) 



l 



i + ' 



r/A 2 KRl 



The size parameter A KRl is related to the slope of the 
kaon electromagnetic form factor (|52|) which can be de- 

= t-2 — which 

0.56 fm leads 



duced from the charged kaon radius (r 2 K± ) 

we take from pQ. The charge radius r K ± 
to a value oiA KRl — 0.863 GeV. The additional form fac- 
tors suppress the estimates for the coupling <?/ o77 * when 
the off-shell behavior of the photons is studied (see fig. 10). 
However, the finite size effects are still apparent. The de- 
cay properties for real photons are not affected by the 
monopole form factor since F K £ 1 (Q 2 )\ ( ^ 2 _ 



= 1. 



5.3 The strong decay 

The experimental results for the dominant decay process 
/o(980) — > tttt are spread out in a large region. Conse- 
quently, PDG 2007 [1J indicates a wide range for the total 
width from 40-100 MeV. Recently, the Belle Collabora- 



51.3 



-20.8+13.2 
■17.7-3.8 



tion [44] reported the result of r(fo 
MeV. 

The coupling constant <7/ oW7r and, accordingly, the de- 
cay width (|39p depend sensitively on the cut-off parameter 



We have discussed the electromagnetic fo — * 77 and the 
strong fo — > 7T7T decays of the / (980) considered as a 
hadronic KK molecule in a phenomenological Lagrangian 
approach. Our approach is manifestly Lorentz and gauge 
invariant and is based on the use of the compositeness 
condition. We have only one model parameter A, which is 
related to the size of the KK distribution in the fo meson 
and, therefore, controls finite-size effects. In addition, we 
studied the sensitivity on the detailed value of the binding 
energy e. 

We showed that finite-size effects only moderately in- 
fluence the fo — > 77 decay properties (coupling constant 
and decay width), when both photons are on-shell (in 
this point we completely agree with the conclusions of 
ref. [22J, while these effects become essential for a non- 
trivial virtuality of one of the photons. Also, the consid- 
eration of the finite size of the fo meson in the molecular 
KK picture is sufficient to explain the strong fo — > 7T7t de- 
cay properties. More precise experimental information on 
the fo — > 7T7T decay, and more so for the f/ o77 «(Q ) form 
factor can certainly help in at least constraining the molec- 
ular KK content of the /o(980). Given the current model 
approach and the status of experimental data, the strong 
and electromagnetic decay properties of the /o(980) can be 
fully explained in a molecular KK interpretation of this 
state. The success in explaining the decay modes of the 
/o(980) does at this level not exclude possible alternative 
explanations, such as qq or compact q 2 q 2 configurations. 
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To elaborate further on a possible molecular structure 
of the /o(980) in future we plan to include in our anal- 
ysis the ao(980) meson and its mixing with the /o(980). 
Using the approach developed here we intend to analyze 
different strong, radiative and weak production and de- 
cay processes involving the / (980) and ao(980) mesons. 
A full treatment of these observables can possibly shed 
more light on the structure of these peculiar scalar states. 

Acknowledgments 

We thank C. Hanhart and S. Scherer for useful discussions. 
This work was supported by the DFG under contracts 
FA67/31-1 and GRK683. This research is also part of 
the EU Integrated Infrastructure Initiative Hadronphysics 
project under contract number RII3-CT-2004-506078 and 
President grant of Russia "Scientific Schools" No. 871.2008.: 



A Mass operator of /o(980) and coupling 
constant g foKR 

The /o(980) mass operator IIf (p 2 ) reads as 
d 4 k 



where 



2 1 + 4a/?(l - a) 
4(1+/?) 



(65) 



Finally, by evaluating the derivative of the mass operator 
with respect to p 2 for the on-mass-shell value of p 2 = M 2 a 
we calculate the coupling constant g j kk by use of the 
compositeness condition ([5]) with: 



1 



9 



fa KK 



32n 2 A 2 



da 



df3/3 2 

(T+^y 



(1 + 4a0(l - a)) 



x (l + 4a/3(l - a)) - 



d$ 2 {A) 
dA 



2 =M 



fo 



(2tt) 4 z 



-$ 2 (-k 2 )S K (k + )S K (k-), (59) 



where k± = k + p/2. To simplify the illustration of the 
calculation technique we restrict ourselves to the isospin 
limit. After introducing the Feynman cv-parametrization 
with 



1 



AB J ^'{A; - 7J( I - 





(60) 



and by applying the Cauchy theorem for the vertex func- 
tion squared |2"9"] 



$ 2 (-k 2 



we get 



dz <P 2 (-z) 
2m z — k 2 



d A k f dz $(-z) 



(61) 



n 2 i J 2ixi z — k 2 
1 



{M\ - (k + r) 2 + r 2 - p 2 /A) 2 



, (62) 



where r — p(l — 2a)/2. Then, using the integral represen- 
tation 



1 =2 ftp ' 



AB 



{A + B(3f 



(63) 



and performing the integration over the loop momentum 
k we obtain 



^7 / /tT^L^), (64) 



In the local limit, that is A — > oo, eq. (|66|) becomes 
1 R fo 



9 



foKK 



8ir 2 M 2 

JO 



with 



arcsin £ 
Rfo = — ; - 1 • 



(66) 



(67) 



(68) 



B Feynman rules for the nonlocal vertices 

Restoration of electromagnetic gauge invariance in the 
strong foKK interaction Lagrangian modifies the cou- 
pling to charged kaons as 

C{x)=9 h KKh{x)j dy$(y)e- ieI ^>^ 

x K + (x + )K-(x-), (69) 
where x± = x ± y/2. 

After expansion of the gauge exponentials up to second 
order in the electromagnetic field we generate the nonlo- 
cal vertices containing a single photon [fig. 2(a)] and two 
photon lines [fig. 2(b)]. In our procedure we follow ref. [31] 
where we obtain for the single-photon vertex 

l 

6 ( fc + f Y J ^'MO'^ + ^i ^<?2, /i «-» v) , (70) 
o 

and for the two-photon vertex 



^ J dt(&(-x(0, p)) + $'(-x(0, q))) 
o 

l 

du J di^"(-x( quq2 ))(k+ q +)^k+^-y 



+ $"{-x{- qi , q2 ))(k + q - l y(k + q -^ h 

+ (qi *-> qi, A* <-> v) , 



(71) 
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where 



where 



x(qi,q 2 ) = k 2 + kt{lq l +q 2 ) + -{lql + 2lq l q 2 + q 2 2 ) 



± 9i , 9j 
a ■ = — ± — 

9 = 92 - 9l • 



(72) 



C Form factors and gauge invariance of local 
diagrams 

We divide the hadron loop integral 

I^(qi,q 2 )= f ^(2k + qi r(2k-q 2 r 
J "K 1 



X S(k + qi )S(k-q 2 )S(k) 



(73) 



represented by the diagram in fig. 4(a), into a gauge in- 
variant part and the remainder term 

4f (91.92) + SI^{q 1 ,q 2 ) 



= J ^(2* + (2* -ft) 

xS{k + q l )S{k-q 2 )S{k) 
74 



M»\ I S (k + qi )S(k-q 2 ) . (74) 



qfqi 



Here and in the following (Appendices C and D) we only 
deal with the propagator of charged kaons. We therefore 
drop in the following the subscript K + in the symbol of 
the propagator. 

The second diagram of fig. 4(b) gives 

tf' u '(«i,<&) = <r ! ^S{k + qi )S{k-q 2 ), (75) 



where (|75p and the last term in (T7"4"l) cancel each other. 
Therefore, we can easily derive the form factors 



d 4 k 



T (2k + qi r ±qi {2k -02)1, 



xS(k + qi )S(k-q 2 )S(k) 

+ 4-9 / ^oT S(k + qi)S(k - q 2 ) 

q(q 2 J 

= FA. L {v\q\,q\) V" + Ga, l{v\ ql ql) <T . (76) 



By introducing the Feynman a-parameters and using di- 
mensional regularization we obtain 



1 3 
Fk(p 2 ,qlql) = J d 3 aS(l-J2a t 

n *=1 



4aia; 2 



D 



(77) 



1 3 

Gi(p 2 ,^,9 2 2 ) = 4r fd 3 aS(l-J2c 
9i9 2 J 

l ~ L 

( D 4aia 2 

x 2 In qiq 2 

Do D q q 



(78) 



D 



Ml 



p ma 2 - qi aia 3 - q 2 a 2 a 3 



D = M K —p 2 aia 2 



(79) 



D Form factors and gauge-invariance of the 
nonlocal diagrams 

D.l Triangle diagram 

In Appendix C we saw that there are two diagrams which 
belong to the leading-order term illustrated in fig. 4. In 
complete analogy to the local case we write down the 
Feynman integral and split it into a gauge invariant and 
a remainder term. The first diagram of fig. 4(a) gives 



d A k 



${-k 2 ){2k + q 2 ) fi {2k-q 1 ) v 



X s(k + p -)s{k-^s(k+ q ^ 



2) V 2/ 
p^hk 2 ) {2k + q 2 f ±qi {2k -q^ 

x5(* + !)5(*-f)5(* + 5) 



91 



9i 
2 



xS { k +YJ S { k 

w«(-o(^-^)*(*+i)*(*- a 



9t 9J92 



(80) 



The second diagram of fig. 4(b) contributes 

/r (91, 92) =9» v J^r ${~k 2 ) S(k- P ^)s(k + P - 

By writing down the invariant part of the integrals in 
terms of the tensor structures b^ v and c piy , one obtains 
the form factors 

FaAp 2 ,qIq2) 



v i_i ' 

x«?'(Z\i) (1 - 2ia 3 + t 2 ai 32 a 2 3i) , 
G Ai (p 2 ,<z 2 , 9 2 ) 

i / 3 - 1 

9192 / , 3 



(81) 



2 2 

qfq 2 



da 5 



{i-ty 
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where 



A, = 



Y~Tf \ M K _ ^"( a 123 + tol32Q!23l) 



qla 3 



(1 - ta 2 3i) 



92 a 3 



(1 - toi 32 ) (83) 



where a ljk = a, + a, - a k . 

The remainder term reads as 



/ 



9f92 
2 2 
9192 



+ 



»(*+!)-*(*-§) 
s£e^5(» + |) 5(*-|) 



9! 



(84) 



^bubx(p 2 ,9i,9 2 ) 

11 oo 

If.../... .. f s 



(l+ffl«* (A) 



dtt y cfa(2a - 1) ^ 



+(9i <-» 92, M <-> ^) > 

1 1 oo 

Gbub ± (p 2 ,9?,9l) = f dt [ da I 



(86) 



9 2 9 2 2 J ™J (1 + /3) 4 





1 



x|^(Zi 2 ) + ^/3(2a- l)^(J 2 ;) (/J r /2 

+ (9i <-» 92, M <-» ") , 



(87) 



where 



^ 2 = Mi/3 + P 2t/3(1 - 2a) - 2 



4(1 + /?) 



9i 



i(l-t + 2/3(l-a)) 



4(1 + /?) 



- 9 2 



2 (3(1 + t(l - 2a) + 4a/3(l - a))) 



4(1 + /J) 



(88) 



D.2 Bubble diagram 



By writing the Feynman rule for nonlocal vertices, derived 
in Appendix B, and separating the perpendicular term, we 
have 



Cb(9i,92) 



1 

2 /££/ < ** > <-*< o '*>>(* + t) v 



x S(t + |) S ( t -|) 
+ (91 <-> 92, M <-» f) 



= -2 



r dt<P'(-x(o, qi ))k^ q y ±q2 



X*(* + ?)*(*-|) 

ci 4 fc <£(-(fc + f ) 2 )-<£(-P) 



+2 



fc9i + ^ 



,(fc + f)9i, 



- 9i9 2 



"^92 



+ (91 ^ 92, M ^ ^) 



(85) 



The remainder term is given by 



(5J bub(9i,92) 



=f/^>(4(^-f)-^ + i 
+2(t _i rs(t+ i )s(t _i)) 



_9g_ 

29 2 2 



-<2> 



(fc - 912)92 
J '{k + Q&Y 92 



(fc + 9^)92 2q| 



(^?y 



+ 912)92 (fc + 9r 2 )92/ 



+ (91 <-» 92, M <-» ") 



(89) 



D.3 Tadpole diagram 



We apply the same procedure as for the bubble diagram 
and write down the Feynman integral 



7 tad(9l,92) 



d 4 k 



S(k)A 



(90) 
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where 



where 



o 



A 3 = M z K (3+p'- 



tl ( t 



+ $'(-x(0, q)) 
1 l 

+ fdtt [ dl ('S"(-x( qi , q 2 )) (k + q+Y 



9i 



4 \l + f3 

2 tH{\-l) ji(i-i)/. 



4(1 + /?) 



92 



1 - 



1 + /? 



A/ 



Z\ 4 = M|/3 + p 2 ^ ( 1 



1 + /3 



91 T 2 



+ &{-x{-q u q 2 )) (k + (fc + | ) " 

+ (qi <-> 92, a* l/ ) 



zi 5 = M| y 5+p 2 



1 + /3 
t / A 



9 2 



1 + /9/ ' 



4 V1 + /3 



1 tad , T ""Had 



(91) 



By using 



9x9^ 9292. _ 9i9|9i92\ ( } 
9? 9| 9?9 2 2 / 



we can separate the gauge invariant part 

'tadj_ 1 



7 tad, 



i i 

xjdttj dl (&'(-x(q u q 2 ))+$"(-x(- qi , <? 2 ))) 
o o 



As = M| /? + (2«? + 2ql - p 2 ) 1 (-±^ - 1) . (96) 
For the remainder term we obtain 

«r; d (9i,92)= / ^S(k)R^, (97) 

where 

- 1 v fc+ 2 j ; U 2 (fc+9 12 )92 



# - Ik 



Q^k-quT , 9^ 



An2 -o , dt (#(-x(p,p))+&(-x(p,q)) 
4 9i92 

i) 

+ (<Jl <-> g 2 , A* ^ f) • 
from which we derive the form factors 

^tad i (p 2 ,9i,9l) 

1 1 oo 



9 2 (fc - 912)92 imi 



(/ ,[_ (ti g^ a Wf (*+gr a r (fc+9x + 2 r A 

2 ' / 9 2 V(fc + 9i 2 )92 (fc + 912)92/ 



+ (91 <-»■ 92, A* ^) • 



(98) 



(93) 



The sum of all remainder terms (|83)l. ([89]) and ([98} van- 
ishes identically, which in turn proofs the manifest gauge 
invariance of the model. 



00 



x ($'(As) - $'(Ai) 



t 



1 + /3 



- 1 



+ (9i <-> 92, M <-> ^ ) , 



(94) 



G ta d x (p 2 , 9l,92) 

1 1 00 

1 r . r r dp 



dtt / ctt 



000 



*(Ai)-*(Ai) 



- 9l «a (^(AO -#'(A) 



A Z 



l + (3 



1 OC 

J-2 ItTT^^ ^ 



4#<g./ 7 + 


+ (91 <-> 92, M , 



(95) 
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Table 1. Electromagnetic decay width /o(980) — » 77: comparison with data and other approaches (quarkonia models (qq), 
four-quark models (q 2 q 2 ) and hadronic approaches). 



Approach 


Data [44] 


Data [I] 


Data [45] 


Data [46] 


r(fo 77), keV 


n onc;+ 095 +0147 

U.ZUO_ 0g3 _ .117 


29+ 007 


0.31 ±0.14 ±0.09 


0.29 ±0.07 ±0.12 



Approach 


Ref. |5T] 


Ref. [52] 


Ref. [3] 


Ref. [50] 


Ref. gS] 


Ref. gpj 


Ref. [TT] 


Our 




(hadronic) 


(hadronic) 


(99) 


(««) 


(99) 


(99) 


(9 2 9 2 ) 


result 


^(/o -> 77), keV 


0.20 


0.22 ±0.07 


0.24 


0.28«;^ 


0.31 


0.33 


0.27 


0.29 (local) 
0.25 (nonlocal) 



Table 2. Strong decay width fa — > 7T7t: comparison with data and other approaches. 



Approach 


Data [44] 
(Belle) 


Data [I] 
(PDG) 


Ref. [25J 
(analysis) 


Ref. [37] 
(hadronic) 


Ref. [3] 
(99) 


r(/ -> tttt), MeV 


r-i O + 20.8+13.2 
JI '°-17.7 -3.8 


40 - 100 


64 ±8 


18.2 


20 



Approach 


Ref. [7] 
(99) 


Ref. [24] 

(99) 


Ref. [48] 
(99) 


Ref. [6] 
(99) 


Our 
result 


r(/ -» tttt), MeV 


28 


52-58 


53 


56 


69 
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(e) 

Fig. 4. Diagrams contributing to the electromagnetic fo — * 77 decay. 
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3.4 - 




2.2- 



2 1 1 1 1 1 *— ' 

4 6 8 10 12 

£ [MeV] 

Fig. 5. Coupling constant g * kk m the- local case in dependence on the binding energy e. 




Fig. 6. Coupling constant 9f a KK m the nonlocal case in dependence on the binding energy e and the cut-off A. 
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. 1 



0.095 - 



o 




0.07 1 1 1 1 1 '— 

4 6 8 10 12 

£ [MeV] 

Fig. 7. Coupling constant <7/ 077 in the local case in dependence on e. 



g foYy [GeV~ ] 
.09 



. 07 




.09 
.085 
.08 
. 075 
. 07 
.065 
.06 



[MeV] 



Fig. 8. Coupling constant <?/ oTr in the nonlocal case in dependence on e and A. 
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LC (A diagram) 
0-25 - N c (total) A=1.3 GeV 

NC (total) A=1.0 GeV 
NC (total) A=0.7 GeV 
monopole function 




Q 2 [GeV 2 ] 



Fig. 9. The form factor Q 2 f/ 077 » (Q 2 ) in dependence on Q 2 for the local case (LC). For the nonlocal case (NC) results are 
given for the triangle (A) diagram and for all of Fig. 4 (total). The binding energy is set to e—7A MeV for all curves. For the 
monopole function see the text. 



0.03 



0.025 - 



local case 

A=l . 3 GeV 

A=l . GeV 

A=0 . 7 GeV 



0.02 - 



0.015 



0.01 




0.005 




Fig. 10. The form factor Q 2 : F/ 077 » (Q 2 ) in dependence on Q 2 with the additional monopole form factors F K jf 1 (Q 2 ) at the 
KKy vertices. 
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Fig. 11. Coupling constant gf 01TT: in the local case. 



